Abstract-We study the fundamental capacity trade-off between full-duplex and half-duplex transmission modes in a twohop communication system with a fixed infrastructure-based amplify-and-forward relay. First, we derive closed-form expressions for the average end-to-end capacity in the relay link. We show that it may be better to tolerate some loop interference with the full-duplex mode than to consume channel resources by allocating two orthogonal channels with the half-duplex mode. Furthermore, we evaluate the maximum loop interference power levels that still allow the full-duplex mode to achieve the same capacity as the half-duplex mode. Our results indicate that with practical signal-to-noise ratio values, the full-duplex mode is preferable in terms of capacity.
I. INTRODUCTION
Multi-hop communication via relay nodes is an attractive solution for hotspot capacity enhancement, network coverage extension and gap filling in next generation cellular systems. The seminal articles on mobile relaying and user cooperation [1] - [4] have sparked a particularly vivid research area. For the case of mobile transceivers, the baseline assumption is to apply a half-duplex (HD) transmission mode, where two orthogonal time or frequency channels are allocated for the respective reception and transmission at the relay. In mobile relays, simultaneous transmission and reception on the same frequency, or full-duplex (FD) transmission, is not feasible because all practical implementations suffer from a significant level of loop interference, i.e., signal leakage between transmission and reception at the relay. This paper considers a setup where a base station communicates with a mobile user equipment via a fixed infrastructurebased amplify-and-forward relay node. Contrary to mobile relays, fixed relays can mitigate the loop interference problem by employing spatially separated transmit and receive antennas [5] - [8] . High physical isolation between the antennas has to be guaranteed, e.g., by placing one antenna on rooftop and the other antenna on street level. Another possible setup is outdoor-to-indoor transmission where the backhaul antenna is placed outside of a building and the indoor service antenna fills a BS coverage area gap. Loop interference can be further reduced by employing directive antennas and interference cancellation techniques [7] , [9] - [11] . Hence, with a sufficient reduction of the loop interference, a fixed relay can operate in the more spectrally efficient full-duplex mode.
In this paper, we address the problem of selecting the optimal transmission mode. The selection between the fullduplex and the half-duplex modes is trivial for mobile relays. However, for fixed infrastructure-based relays this problem requires more careful investigation. Intuitively, there are two extreme points for the selection based on the loop interference power. Without loop interference, the full-duplex mode achieves double the capacity of the half-duplex mode. On the other hand, with excessive loop interference, as with mobile relays, the half-duplex mode is the evident choice, because the loop interference prevents communication in the fullduplex mode. Between these extreme points, there exists a loop interference power level for which the capacity of the two schemes is the same. In practice, the performance difference of the two modes does not only depend on the loop interference power, but also on the channel conditions.
To facilitate an analytical comparison of the modes, we derive new closed-form end-to-end capacity expressions. Contour plots of the capacity expressions allow us to study the full-duplex/half-duplex selection problem for all channel conditions. In particular, for a given loop interference power, we first quantify the capacity ratio of the two modes. Then we evaluate the maximum loop interference power which allows higher capacity with the full-duplex mode than with the half-duplex mode. In addition, we provide, in the form of two propositions, analytical rules for selecting the best mode. These propositions are practical in a sense that they do not require knowledge of the link quality between the relay and the mobile destination. Instead the selection can be done based only on the quality of the source-relay link, and loop interference level, both of which can be controlled by network design. Thus, the propositions can be exploited as system design guidelines.
Our discussion indicates that the full-duplex mode is an attractive choice for fixed relays provided that the loop interference power is maintained at a tolerable level. When comparing to the half-duplex mode, the full-duplex mode has higher capacity in practical channel conditions. Alternatively, the full-duplex mode can tolerate high loop interference power while achieving the same capacity as the half-duplex mode.
The rest of the paper is organized as follows. In the next section, we introduce the system model of the infrastructurebased amplify-and-forward relay link. In Section III, we derive closed-form capacity expressions that facilitate the comparison of the full-duplex and half-duplex modes in Section IV. Finally, conclusions are drawn in Section V.
II. SYSTEM MODEL
In this section, we introduce a system model for the fullduplex relay link. The reference system that employs the halfduplex mode is described by the same model, except for the loop interference which is eliminated by allocating orthogonal channels for relay reception and transmission.
As illustrated in Fig. 1 , a source (S) transmits a continuous stream of symbols to a destination (D) via an amplify-andforward relay (R) while the communication is degraded by loop interference. We assume that direct transmission between the source and the destination is not possible due to shadowing conditions or transmit power limitation. The system consists of three frequency-flat channels, namely source-relay (SR), loop interference (LI), and relay-destination (RD) channels. 
A. End-to-End Signal Model
The source transmits signal x[i] to the relay with a nor-
, where E x {·} denotes average over signal and noise distributions. When the relay operates in the full-duplex mode, it concurrently receives signal r[i] and transmits signal t[i] on the same frequency. Thus, the relay receives a combination of the signal transmitted by the source, loop interference and noise:
where h SR is the source-relay channel, h LI is the loop interference channel between the transmit antenna and the receive antenna of the relay, and the power of the noise term
. If the relay exploits any loop interference cancellation algorithm, h LI represents the residual channel due to imperfect cancellation.
The relay amplifies the input signal by a factor β > 0 which induces a processing delay of τ ≥ 1 symbols. Thus, the transmit signal of the relay is
Recursive substitution of (1) and (2) shows that the output signal can be also expressed as
By assuming that all signal and noise samples are mutually independent, the instantaneous relay transmit power is calculated from (3) as
The sum in (4) converges, if β 2 < 1 |hLI| 2 . This condition prevents oscillation and guarantees finite relay transmit power.
The amplification factor β is selected to guarantee the same instantaneous transmit power with both transmission modes. By substituting (5) into the normalization condition
, amplification is solved to admit the form
In literature, another normalization allows double power in the half-duplex mode because the relay uses half of the channel resources. This approach is not adopted in this paper, because we impose strict limits for the instantaneous transmit powers. Finally, the received signal in the destination is given by
where h RD is the relay-destination channel, and the power of the noise term
In the following, we parametrize the system with channel signal-to-noise ratio (SNR) values to simplify notations. The instantaneous channel SNRs are defined as
, where E h {·} denotes average over channel fading distributions.
B. Channel Models
In the considered single-cell downlink setup, the source is a base station, and the relay is an infrastructure-based node installed by the network operator, i.e., the source and the relay are both fixed. Thus, we can reasonably approximate that the source-relay and the loop interference channels are non-fading, i.e., γ SR =γ SR and γ LI =γ LI . In practice, some slow channel fluctuation would happen due to movement of surrounding objects, but the most of the channel components would be still static. If we relaxed our approach of analyzing performance with closed-form mathematical expressions, the most realistic results could be obtained by simulating a system with Rice-fading channels (high K-factor). The best approximation of such a Rician channel, that still allows us not to resort to simulations, is the additive white Gaussian noise (AWGN) channel assumed in our analysis.
The destination is considered to be a mobile terminal without line-of-sight connection to the relay. Thus, we model the relay-destination channel as Rayleigh fading. Furthermore, we assume that the relay-destination channel is subject to block-fading, i.e., it remains stationary during a transmission block and changes independently from block to block. The instantaneous channel SNR γ RD becomes an exponential random variable with averageγ RD and probability distribution function f γRD (s) = (1/γ RD )e −s/γRD .
III. CAPACITIES
In this section, we calculate the average end-to-end capacities in the amplify-and-forward relay link with the full-duplex and half-duplex modes.
The first step is to determine the instantaneous end-to-end signal-to-interference and noise ratio (SINR). By requiring signal and noise independence, the instantaneous receive power in the destination is calculated from (7) as
This expression with substitution of (5) can be further reorganized into a sum of desired signal, loop interference, and noise power:
By dividing the desired signal power by the interference and noise power, the instantaneous end-to-end SINR can be expressed from (8) with simplification as
Finally, by substituting the amplification factor from (6) and invoking the assumption on static source-relay and loop interference channels, the instantaneous end-to-end SINR with the full-duplex mode is given by
1) Full-Duplex: By assuming that all additive noise components and signals are Gaussian, the average end-to-end capacity with the full-duplex mode can be calculated as
The last expression is obtained by integrating in parts, and writing the result in terms of the exponential integral E 1 (z) = 
2) Half-Duplex:
The half-duplex mode is similar to the fullduplex mode, except that orthogonal channels are allocated for relay reception and transmission. This eliminates the loop interference, but transmission consumes a double amount of channel resources when compared to the full-duplex mode. Thus, the capacity expression can be determined from (11) by settingγ LI = 0 and dividing the expression by two. Thereby, the average end-to-end capacity with the half-duplex mode becomes
IV. PERFORMANCE COMPARISON Conventionally, performance is illustrated by plotting capacity as a function of a channel SNR. However, the number of SNR parameters is higher when analyzing relay links. Thus, contour plots offer a more explanatory way to evaluate the performance of relay links. With (11) , (12) , the average capacities are exemplified in Fig. 2 , where the contour lines denote constant capacity at the levels given by the line labels. In the following, we separate the comparison of the fullduplex and half-duplex modes into two cases according to the definition of the loop interference power: Firstly, the loop interference power is defined relatively to the relay input noise power. Secondly, it is defined relatively to the desired signal power in the relay input. Figure 3 illustrates the capacity ratioC FD /C HD when the loop interference power is twice the relay input noise power (γ LI = 3dB). We see that the full-duplex mode achieves higher capacity than the half-duplex mode for all practical SNR values. In the mid-SNR range, the full-duplex mode offers already significant capacity improvement over the halfduplex mode. Actually, we can show analytically that when the source-relay channel SNR is above a certain limit, the full-duplex mode is always superior to the half-duplex mode:
Proof: It can be shown thatC FD /C HD is a monotonically decreasing function in terms ofγ RD . The conditionC FD /C HD ≥ limγ RD→∞CFD /C HD > 1 with substitution of limγ RD →∞CFD = log 2 (1 +γ SR /(γ LI + 1)) and limγ RD →∞CHD = (1/2) log 2 (1 +γ SR ) can be written in the formγ SR >γ 2 LI − 1, which concludes the proof. Furthermore, the fact that SNR is a non-negative number by definition (γ SR ≥ 0) proves the following noteworthy consequence:
Corollary 1: Ifγ LI < 1 = 0dB, thenC FD >C HD for all values ofγ SR andγ RD .
In other words, the full-duplex mode achieves better capacity than the half-duplex mode irrespective of the channel SNRs, if the power of the loop interference can be suppressed below the noise level. It can be seen from Fig. 3 that the half-duplex mode is better only when the source-relay channel SNR is rather small. This is because then the relay input SINR is dominated by loop interference. This observation can be also shown analytically:
Proposition 2:
Proof: We again note thatC FD /C HD is a monotonically decreasing function in terms ofγ RD . Thus, the condition C FD /C HD ≤ limγ RD →0CFD /C HD = 2(γ SR + 1)/(γ SR +γ LI + 1) < 1 can be written in a form that concludes the proof.
For example, whenγ LI = 3dB as in Fig. 3 ,C FD <C HD , if γ SR < 0dB (Proposition 2), andC FD >C HD , ifγ SR > 4.7dB (Proposition 1). Between these limits, the value ofγ RD determines which transmission mode achieves the best capacity.
In addition to studying the capacity ratio of the transmission modes, we also evaluate the maximum loop interference power with which the full-duplex mode achieves as good as or better capacity than the half-duplex mode. This is calculated in Fig. 4 by numerically solvingγ LI that satisfies the equationC FD = C HD which can be reduced to
We see that the power of the loop interference can be surprisingly high, and still the full-duplex mode achieves better capacity than the half-duplex mode.
To conduct a more exhaustive evaluation, let us verify that our observations are valid also if the loop interference power is defined relatively to the desired signal power in the relay input. Figure 5 illustrates the capacity ratioC FD /C HD when the desired signal power is four times larger than the loop interference power (γ SR /γ LI = 6dB). In the practical mid- SNR area, the full-duplex mode has the highest capacity. In the high-SNR area, unrealisticly high loop interference power deteriorates the performance. Figure 6 illustrates the minimum relative desired signal power in the relay input with which the full-duplex mode is at least as good as the half-duplex mode. The figure can be obtained from Fig. 4 by scalingγ SR by the maximumγ LI values. As a curiosity, we note that for small values ofγ SR , the loop interference power can be higher than the desired signal power in the relay input and still the fullduplex mode is superior to the half-duplex mode.
Furthermore, contour plots can be exploited for studying the SNR gain of using the full-duplex mode instead of the half-duplex mode. The minimum SNR value pairs (γ SR ,γ RD ) needed for achieving capacity of at least 1bit/s/Hz are illustrated in Fig. 7 . Depending on the loop interference power, the full-duplex mode is seen to achieve the same capacity as the half-duplex mode with channel SNRs that are up to 5dB smaller than those required with the half-duplex mode.
To summarize the preceding discussion, let us consider an example system that is designed to operate in the SNR area whereγ SR andγ RD are both between 10 and 15dB. Capacity with the half-duplex mode is then 1.1-1.7bit/s/Hz (see Fig. 2(b) ) and, ifγ LI = 6dB, capacity with the full-duplex mode is slightly better, i.e., 1.1-2.3bit/s/Hz (see Fig. 2(a) ). Whenγ LI = 3dB orγ SR /γ LI = 6dB, the full-duplex mode achieves 32%-67% (see Fig. 3 ) or 5%-30% (see Fig. 5 ), respectively, higher capacity than the half-duplex mode. In fact, the full-duplex mode has approximately the same capacity as the half-duplex mode, if the loop interference power level is as high as 6.1-10.7dB (see Fig. 4 ) relatively to the relay input noise power, or if the desired signal power in the relay input is as low as 3.2-5.5dB (see Fig. 6 ) relatively to the loop interference power. Thus, the full-duplex mode is clearly preferable in this example system, if the loop interference power can be suppressed below the calculated limits. The shaded region illustrates the SNR area where capacity with the half-duplex mode is higher than that with the full-duplex mode. 
V. CONCLUSIONS
The selection between full-duplex and half-duplex transmission modes is a fundamental capacity trade-off in relay links. It has been previously shown that with a fixed infrastructurebased relay, loop interference can be suppressed to a tolerable level. Thereby, we argued that it is better to allow some degradation of signal-to-interference and noise ratio with the full-duplex mode than to use two orthogonal channels for eliminating the loop interference with the half-duplex mode. Based on derived capacity expressions, we evaluated the capacity improvement of the full-duplex mode, and the maximum loop interference power that results in equal performance with both modes. Our discussion indicated that the full-duplex mode is superior to the half-duplex mode with practical SNR values. 
